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A two-time quantum theory of a system of two particles with the direct electromagnetic interaction 
based on a quantum version of the action principle is considered. An analog of Schrodinger equation 
for the system is obtained. 
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I. INTRODUCTION 

In the preprint [l| a generalized canonical form of a 
multi-time dynamical theory was proposed. This form 
may be taken as a basis for a new approach in quantum 
theory. This approach is based on a so called quantum 
action principle (QAP) proposed in [2-4]. In paper a 
two-time dynamical system of two charges with a direct 
electromagnetic interaction was considered as a simple 
example. A quantum action operator for this system in 
the first-order approximation of perturbation theory in a 
parameter of the direct electromagnetic interaction was 
defined. In a maximally simplified non-relativistic limit 
for this action, a two-time integral, which corresponds 
to the Coulomb interaction described, with relativistic 
accuracy, by the Feynman retarded-advanced propagator 
@, is conserved. It is this term that makes impossible 
the ordinary canonical quantization procedure. 

In the present work we develop a two-time quantum 
theory of the relativistic Coulomb interaction of charges 
as a toy model for a more complicated multi-time quan- 
tum electrodynamics. A two-time wave equation, which 
is similar to Schrodinger equation, is obtained. 



II. QUANTUM ACTION PRINCIPLE FOR 
TWO-TIME DYNAMICAL SYSTEM 



The action operator of a two-time dynamical theory 
has the form 



Ti 



dtixik (h) 



h 5 



+ / dt2X2k {t2) -- 





-H. 



i Sx2k {t2) 



(1) 
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Here xik {ti) and X2k (^2) are trajectories of particles with 
own parameters of time, the dot denotes the time deriva- 
tive with respect to the time parameter corresponding to 
each particle. The constant h is not equal to the ordi- 
nary Plank constant H. The physical dimensionality of 



h is 



Joule 



A connection between two con- 



stants will be introduced latter. A Hamiltonian part of 
the action operator ([T]) in the non-relativistic limit is: 



Ti 



H 



dti- 



2mi 5x1 (^1) J 2m2 5x1 (^2) 




dt2 



Ti T2 

-^6162 J dti J dt25 {SI2) , 



where (velocity of light c = 1) 



'12 



= ih - 12) - {xi - X2y 



(2) 



(3) 



is the interval in the Minkowsky space. The action 
operator ([T]) is defined in a space of wave functionals 
^ [xi {ti) , X2 {12)] where in turn the variational deriva- 
tives are defined as follows: 



EE y dh 




5^ 



T2 

+ J dt2 





5xik ih) 
5^ 



5x2k {h) 



5xik {tij 



(4) 
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The Hamiltonian operator ([2|) is formally Hermitian with 
respect to the scalar product in the space of wave func- 
tionals: 

(*1,*2) - I\{d'x^{h)\{d'x2{t2) (5) 

tl t2 

X *i [Xi {h) , X2 {12)] *2 [2:1 (h) , X2 (12)] ■ 

The first two canonical terms of the action operator ([1]) 
arc non-Hcrmitian, but we shall overcome this problem 
by throwing away of corresponding imaginary parts of 
eigenvalues of the action operator. 
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We formulate QAP as the eigenvalue problem for the 
action operator 4] : 



(6) 



A solution 'i' [xi (ti) , X2 {t2)] of the equation (|6]) de- 
scribes a quantum state of motion of the system. 
IvP [a;i (ti) ,X2 (^2)]!^ is a probability density of particles 
movement along traejectories from a small neighbourhud 
of given trajectories xik (ii) , X2k (^2)- It is the equation 
^ that is equivalent to Schrodinger equation in the case 
of a single-time dynamical theory Q . In the case of two- 
time dynamical theory considered here it will be reduced 
to a two-time analog of the Schrodinger equation. 

It is useful to re-formulate the eigenvalue problem, in- 
troducing for any wave functional ^' an auxiliary func- 
tional: 



A[a;i (ti),X2 (^2)] 



[xi {h),X2 fta)] 

^[Xi {ti),X2 {t2)] ' 



(7) 



Then QAP may be formulated in terms of a necessary 
condition that the functional ([T]) is equal to an eigen- 
value of the action operator. The following exponential 
representation 

^ [Xi (ti) ,X2 {t2)] = 



exp [xi ih) , X2 (t2)] + R [xi ih) , X2 (^2)] j (8) 

with real functionals S [xi (ti) , X2 (^2)] , R [xi (ti) , X2 (^2)] 
is useful for a wave functional, in particular, for quasi- 
classical decomposition of a solution. At this stage, 
analytic properties of the Coulomb potential are impor- 
tant. In the work [1], QAP was formulated for the case 
of a real-analytic potential. In order to use this concrete 
formulation, let us regularize the Coulomb potential, 
replacing the (^-function by the exponent as follows: 



S {SI2) 



: exp 



2a 



(9) 



At the final stage of calculations, the limit cr — !• 
is supposed. With this regularization the functionals 
S [xi (ti) ,X2 (^2)] ,R[xi (ti) ,X2 (^2)] may be looked for 
as real-analytic functionals of trajectories of particles: 

S[X1,X2] = J dh J dt2s{ti,t2,Xi{h),X2it2)), (10) 


* = ih,t2)xik{tl) + s':^^'' {ti,t2)x2kit2) 

+ ^kl!'' {'tl,t2)xik {tl)xil {ti) 

+ {h-t2)xik {tl)X2l {t2) 

+ {'tl,t2)x2k {t2)X2l {t2) 

+ .'.., (11) 



R[XI,X2] 



Ti T2 

dti I dt2r{h,t2,Xi ih),X2it2)), (12) 







r = ri]°^ {ti,t2)xik{ti)+r^2^'' {h,t2)x2k{t2) 
+''1?°'' iil,t2)xik {tl)xii {ti) 
iil,t2)xik {tl)x2l {t2) 
(il,t2)x2k {t2)x2l (^2) 

+..'.. (13) 

Substituting (ITUl) and ([T^ into ([7]) and taking into ac- 
count (|lip and (|13l) . we obtain the auxiliary functional 
A [xi [ti) ,X2 (^2)] as a functional series of particles co- 
ordinates xik (ti) ,X2k (^2) degrees. Then the condition 
that the functional is equal to an eigenvalue of the ac- 
tion operator leads to an infinite set of differential equa- 
tions for coefficients of the series pT|) and p^ . We do 
not present here these equations (in the case of a single- 
time theory, see Q ) . In the next section we shall obtain 
an equivalent formulation of this necessary condition in 
terms of a two-time wave equation. 



III. TWO-TIME WAVE EQUATION 

In order to re-formulate QAP in terms of a wave equa- 
tion, let us introduce a multiplicative representation of 
a wave functional [xi {ti) ,X2 (^2)] in terms of a two- 
time wave function ip {ti,t2,Xi,X2) as follows. Let us 
divide both time intervals [0,Ti_2] on Ni_2 small inter- 
vals of an the same length e — Ti,2/A^i,2 by points 
tni — nie,tn2 = n2S, and approximate a trajec- 
tory of the system of two particles {xik (ti) ,X2k {t2)) 
in a configuration space by a broken line with vertices 
(xifc (ni) ,a;2fe (712)) ,ni = l,2,...,A^i, n2 = l,2,...iV2, 
and the end points {xik (0) ,X2k (0)) = (^ifei^ijt)' 
(xik (Ni) , X2k {N2)) = (x'^k^^'il)- Then the function- 
als pop and I12p may be approximated by corresponding 
integral sums: 

Ni N2 

S = ^ ^ £^s(tnjn2,xi{ni) ,X2in2)) , (14) 

ni—1 n2—l 
Ni N2 

R = ^ ^ £^r (t„jt„2,a;i (ni) ,2:2 (n2)) . (15) 

ni— 1 712—1 

The central point of passage from a wave functional to a 
wave function is the following equality 0) 



h = eh. 



(16) 



Taking into account (HH) and the exponential rep- 
resentation of a wave functional (jS]) can be transformed 
to a product of values of the wave function at discrete 
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moments of time in the power e: 

*N = n n ^^(*"i*»2'^i("i)'^2K)), (17) 

m —1 712 — 1 

tp^ {t„J„2,Xi (ni) ,X2 («2)) = 

expex {tnjn^,xi (ni) ,X2 (^2)) , (18) 
X(*„ii„2,xi (ni) ,X2 (^2)) = 



:s (i„ii„2,a;i (ni) , X2 (712)) 
a 

+er {tmtn^.xi (ni) , X2 (^2)) . 



(19) 



Here and further the product sr will be considered 
as a single symbol. In this approximation the wave 
functional ^ is a function of coordinates of vertices 
{xik (ni) ,X2k {1^2)) of a broken line. According to the 
definition the variational derivatives of this wave 
functional must be replaced by the partial derivatives as 
follows (12]): 

' (20) 



-, N2 



_ dx {tmtn2,xi (ni) ,X2 (n2)) 
dxik ("1) 



5* 



1 a* 



5x2k{tn2) £dx2k{n2) 



(21) 



1 

7E 



Til —1 



_ dx {tnitn2,Xl [ni) ,X2 (n2)) 

dx2k ("2) 



Then the action operator can be approximated by a dif- 
ferential operator. The first term in the canonical part 
of the auxiliary functional A [xi {ti) ,X2 {t2)] is approxi- 
mated as follows: 



Ti 



dtixik [ti) -— 

I dxik (ti) 



(22) 





Ell 

ni — 1 

h 

i 



h Xik (ni) - xik {ni - I) 9 In* 



I 

Ni N2 



dxik (rii) 



[x(inii«2:a;i (ni) ,a;2 (ria)) 

m — 1 n2 — 1 
-X {tni-l,tn2,Xi {m - 1) ,a;2 (»^2))] 

h 

-- X! ^ X! ix{t7ntn2,xi {ni),X2 (^2)) 

ni— 1 n2— 1 

-X(^«i-i:^n2,a;i ('^i) ,a;2 ("2))] 

- '^[x (Ti,tn2,x'^\X2 (^2)) 

"2 = 1 

-X (0,i„2,a;i,a;2 ("2))] 

{tnitn2,Xl jni) ,X2 (^2)) 

i ^/ ^/ («i) 

ni—1 712 — 1 



The second term in (O is approximated in the similar 
way. In the limit e — the full canonical part of the 
auxiliary functional A [xi (ti) ,X2 (^2)] can be written in 
an integral form: 



dti / dt2 



Tjr {TiM.xI\x2 (^2)) 


x(0,t2,x°,X2 (^2))) + ^ (x (ti,r2,a:i (ti),x^^) 
(i n a \ T2\\ ^ dxitut2,xi{ti) ,X2it2)) 

X [tl,0,Xi {ti},X2^ j j 



T2 

1 dx(ti,t2,Xi (ii) ,X2 (^2)) 



dti 



Ti 



dt2 



(23) 



Let us consider the Hamiltonian part of the auxiliary 
functional A [xi (ti) ,X2 (^2)]- The first term, which cor- 
responds to the first free particle, is approximated as fol- 
lows: 



ft2 7 ^ 1 

2m^y ^^Sxj (^i) * 




(24) 



2mi 

ni — 1 



E 



. ^X {tnit„2,Xi (ni) ,X2 (^2)) 
aXiA: 



^2 
"2 = 1 



.a^x (i„it„2,a;i (ni) ,2:2 (722)) 



The second term, which corresponds to the second free 
particle, is approximated in the similar way. In the limit 
£ — >■ 0, the Hamiltonian part of the auxiliary functional 
A [.Ti (ti) , X2 (^2)] equals to (notice that the third term, 
which corresponds to Coulomb interaction, remains un- 
changed in this limit): 



f dx{tl,t2,Xl{ti) ,X2{t2)) 



Ti T2 

dti I dt2 , 

Zmi \ oxik 



T2 ^ ^ 

dx {tl,t2,Xl (tl) ,X2 (^2)) 



X J dt2 





dxik 



d'^Xitl,t2,Xi iti),X2 (^2)) 

9xlk 

f dx{tl,t2,Xi{ti) ,X2{t2)) 



2to2 V 
Tl 



dx2k 



X J dti 




dx {ti,t2,Xi (tl) ,X2 (^2)) 
dx2k 



d'^x{h,t2,xi {ti),X2 (^2)) 



9xlk 



Tl T2 



+6162 J dti J dt2S (5^2) 



(25) 
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Collecting together all parts of the auxiliary functional 
A [xi (ti) , X2 (^2)]i one can write it in the form: 

A [xi ih) , X2 it2)] + J dhj dhWx, (26) 




where 



A = 



Ti T2 

dh j dhfihM) 


;^(s(Ti,i2,0,0) -S(0,t2,0,0)) 

+ ^{s{ti,T2,0,Q) 0,0,0)) 



(27) 



T2 



2mi 



.(10) 



T2 

(ti,i2) 1 rfl2£rr' {hM) 



j-2 (20) , > 



Ti 



ftVr(ti,t2) / dFierf^ (Fi,i2) 



ft'£r[f'(ii,t2))] +eie2<5((ii-<2)') (28) 



is an eigenvalue of the action operator, and 



Wx = - 

I 



jr (x {Ti,t2,xl\x2 (^2) 

-x{Q,t2,xl,X2 [t2))) 

'Y2 ("^ (ti) ,a;^' 

-X (ti,0,a;i (ti),a;^^)) 

9x (^1,^2,3:1 (^1) ,X2 (^2)) 
dh 

dx {tlM^Xl [ti) ,X2 (t2)) 

dt2 

dx {tl,t2,Xi (ti) ,X2 (^2)) 

dxik 

dx (ti,t2,a;i (ti) ,X2 (^2)) 



2mi 

T2 

X J dt2 





dxu 



d'^X {tl,t2,Xi {ti),X2 (^2)) 



+ 



2m2 

Ti 

X J dti 





dx iti,t2,Xi iti),X2 (^2)) 
dx2k 

dx {tl,t2,Xi (Fi) ,X2 {t2)) 



dx 



2k 



d'^X{il,t2,Xi [ti] ,X2 {t2)) 



Ti T2 



+6162 / dh / rfi2<5(s?2) -/(ti,i2) (29) 



is a part of the auxiliary functional A [cci (ti) , 0:2 (^2)] 
which depends only on non-zero degrees of coordinates 
of particles. It is this part of the auxiliary functional 
A[xi (ti) ,X2 {t2)] that gives a two-time wave equation, 
which corresponds QAP: 



Wx = 0. 



(30) 



This equation must to be solved for an arbitrary tra- 
jectory {xik (ti) ,X2k (^2)) of the system with fixed end 
points. 

Let us consider the limiting case, when the interaction 
of charges is absent. In this case the wave equation ([50)1 
has a simple additive solution for the exponent % of a 
wave function: 

X{tl,t2,Xi,X2) = Xl{tl,Xl)+X2{t2,X2), (31) 

. i {Wih -pikXik) 
Xi[ti,xi) = — , 



X2 {t2,X2) 



i {W2t2 -p2kX2k) 

h Ti 



where the energy W and the momentum pk of each par- 
ticle obey the ordinary relation: 



W = 



P 

2m" 



(32) 



In this case, the exponent (1311) defines a wave function of 
the system as a product: 



^ {ti,t2,Xi,X2) = ijjl itl,Xi)lp2 {t2,X2) 



(33) 



The energy of the two-time quantum dynamical system 
with the direct interaction can be defined in the limit 

Ti = T2 = T ^ cx) as follows: 



W = ih lim 

T^oo 



dx{T,T,xl,xl) , dx{T,T,xT,xl) 



dh 



dt2 



(34) 

at the condition that the limit does not depend on the 
end points In the limiting case of free particles 

we have as usually: 



W = 



pI 



2mi 2m2 



(35) 
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IV. CONCLUSIONS 

In conclusion, the new formulation of quantum me- 
chanics based on a quantum version of the action princi- 
ple is equivalent to ordinary Schrodinger formulation of 
quantum mechanics in the case of a single-time dynam- 
ical theory We have showed that the proposed new 



approach leads to a two-time analog of the Schrodinger 
equation in the case of the two-time dynamical theory 
of a two-particle system with the direct electromagnetic 
interaction. 

We thank V. A. Franke and A. V. Goltsev for useful 
discussions. 
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